Hybrid simulation of energetic particle effects on tearing modes in tokamak plasmas Phys. Plasmas 19, 072506 (2012) Computed versus measured ion velocity distribution functions in a Hall effect thruster J. Appl. Phys. 111, 113301 (2012) Resistivity in the dynamic current sheath of a field reversed configuration Phys. Plasmas 19, 032511 (2012) Numerical study of ion energy and angular distributions in dualfrequency capacitively coupled CF4 plasmas Phys. Plasmas 19, 023506 (2012) Additional information on Phys. Plasmas In order to model the non-equilibrium plasma within the discharge region of a Hall thruster, the velocity distribution functions (VDFs) must be obtained accurately. A direct kinetic (DK) simulation method that directly solves the plasma Boltzmann equation can achieve better resolution of VDFs in comparison to particle simulations, such as the particle-in-cell (PIC) method that inherently include statistical noise. In this paper, a one-dimensional hybrid-DK simulation, which uses a DK simulation for heavy species and a fluid model for electrons, is developed and compared to a hybrid-PIC simulation. Time-averaged results obtained from the hybrid-DK simulation are in good agreement with hybrid-PIC results and experimental data. It is shown from a comparison of using a kinetic simulation and solving the continuity equation that modeling of the neutral atoms plays an important role for simulations of the Hall thruster discharge plasma. In addition, low and high frequency plasma oscillations are observed. Although the kinetic nature of electrons is not resolved due to the use of a fluid model, the hybrid-DK model provides spatially and temporally well-resolved plasma properties and an improved resolution of VDFs for heavy species with less statistical noise in comparison to the hybrid-PIC method. 
I. INTRODUCTION
The discharge plasma of a Hall thruster is known to be in a non-equilibrium state. Laser-induced-fluorescence (LIF) measurements for the Hall thruster discharge plasma have shown that (i) ions and neutral atoms in the discharge channel are in non-equilibrium; 1, 2 (ii) the plume jet consists of interactions between multiple ion streams; 3 and (iii) the velocity distribution functions (VDFs) of ions vary spatially and temporally. 4 Additionally, the electrons experience complex processes, such as secondary electron emissions (SEE), collisions, and turbulence effects. A study by Raitses et al. showed that the current utilization and electron temperature both increased when changing the channel wall to a material with low SEE yield and indicated that the VDFs of electrons is strongly anisotropic and non-Maxwellian. 5 For a better understanding of the discharge plasma in a Hall thruster, it is important to obtain the VDFs and energy distribution functions (EDFs) of both heavy species and electrons. Therefore, a numerical model that achieves a good resolution of VDFs and EDFs is required.
Two methods have mainly been used for numerical simulations of a Hall thruster plasma. A fluid approach solves the conservation equations of mass, momentum, and energy, and assumes the VDFs are close to a Maxwellian. [6] [7] [8] [9] This method has been well developed and is relatively efficient in terms of computational cost. The other approach involves particle methods, such as particle-in-cell (PIC) and direct simulation Monte Carlo (DSMC), which are able to capture non-equilibrium phenomena. So far, several fully kinetic simulation methods [10] [11] [12] [13] and hybrid-PIC methods [14] [15] [16] [17] [18] [19] have been developed. However, due to the use of macroparticles, particle methods suffer from numerical noise and the inability to resolve the high-energy tail of the electron VDFs that can contribute to inelastic collisions. By comparison, the plasma Boltzmann equation, in which the force is described by the electric and magnetic fields, can be solved directly to obtain the VDFs. 20 In the high temperature plasma community, a direct simulation method that solves the Vlasov equation, or the collisionless Boltzmann equation, has been employed and reported in Refs. 21 and 22. The primary purpose of the present investigation is to develop a direct kinetic (DK) simulation and assess its capability for modeling the low temperature discharge plasma of a Hall thruster.
In this paper, the usefulness of the DK simulation is investigated by comparing to a particle simulation. An identical fluid model is used for electrons whereas kinetic simulation methods are used to model heavy species, such as ions and neutral atoms. The kinetic nature of electrons is not resolved due to the use of a fluid model. A one-dimensional hybrid-DK simulation, which uses a DK simulation for heavy species and a simplified fluid model for electrons, is developed and compared with a hybrid-PIC simulation. Sections II and III describe the thruster and the one-dimensional hybrid-DK simulation, respectively. In Sec. IV, results obtained from the hybrid-DK simulation are presented and discussed. Figure 1 shows a typical operation condition for a SPT, which is a magnetic layer type Hall thruster that operates uniquely by the E Â B drift, or the Hall current, in the azimuthal direction. Hall current is produced by the interaction a) Electronic mail: kenhara@umich.edu. of the applied radial magnetic field and the axial electric field. In the region of maximum magnetic field, near the channel exit, electrons are trapped in the azimuthal direction and heated. Neutral atoms injected from the anode are ionized mainly by the trapped electrons and accelerated by the electric field as soon as ions are generated. The channel length and width are designed to allow electrons to gyrate along the magnetic field, whereas ions are accelerated toward the exit without being magnetized. Due to the curvature of the electric field, some amount of ions collide with channel walls that results in wall erosion, which limits the lifetime of Hall thrusters. Since the present model focuses only on the one-dimensional axial transport, the radial and azimuthal transports of the discharge plasma are not considered. The magnetic field is prescribed and remains static during the operation whereas the electric field is determined selfconsistently by the plasma behavior. The configuration of the SPT-100 thruster considered here is summarized in Table I. Garrigues et al. used two different magnetic field profiles for their numerical simulation and showed that the mean discharge current is similar but the amplitude and shape of the oscillations vary significantly. 23 Since the main goal of this paper is developing the kinetic simulation and demonstrating its capability for application to a Hall thruster, the effect of the curvature of magnetic field distribution is not considered due to the one-dimensional assumption.
II. STATIONARY PLASMA THRUSTER (SPT)-100 HALL THRUSTER
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III. HYBRID-DK SIMULATION
This approach consists of a DK solver for heavy particles, the ions and neutral atoms, and a simplified fluid model for electrons. Due to their much smaller time scale, the electrons are assumed to be in a state of equilibrium compared to the heavy species. The fluid model greatly reduces the computational cost in comparison to employing a kinetic simulation for electrons. In order to investigate the effects of modeling neutral atoms, a DK solver is used or the continuity equation is solved. In the present model, collision mechanisms such as single-charge ionization and charge exchange are included for heavy species.
A. Formulation of the kinetic simulation
The present one-dimensional simulation includes one dimension in both space and velocity (1D1V). Additionally, the Lorentz force can be neglected for ions in the channel of a Hall thruster since the magnetic field is chosen, so that they are relatively non-magnetized. The one-dimensional transport equation for the heavy species is given by
where E s is the electric field, e is the elementary charge, m s is the mass of species s, f s and S s are the VDF and the collision term, respectively, which are functions of the axial position, x, the axial velocity v x , and time t. For neutral atoms, due to the absence of any external forces, the acceleration term in Eq. (1) is omitted. Macroscopic quantities, such as number density and mean velocity, are obtained by evaluating moments of the VDFs
where n s and u s are the number density and mean velocity, respectively,f is the normalized VDF. Depending on the processes that are accounted for, the collision terms can be calculated as a sum of each collision process. The change in VDF due to collisions, the right hand side of Eq. (1), can be written as
where _ n c is the collision rate,f s 0 is the normalized VDF of species s 0 that is involved into the collision process, c. Here, c is plus or minus depending on the species of interest. For instance, ions are created (c ¼ 00 þ 00 ) and neutral atoms are deleted (c ¼ 00 À 00 ) via an ionization event.
B. Numerical aspects of the DK simulation
The first attempt of applying a kinetic simulation that solves the plasma Boltzamann equation for Hall thruster plasma simulation was performed by Boeuf and Garrigues. 24, 25 According to their paper, the ion VDFs obtained using an upwind scheme show obvious numerical diffusion effects in comparison to the Monte Carlo method. In this paper, we develop a direct kinetic simulation which has less dissipation, or higher order of accuracy, while preserving the positivity of VDFs.
In order to solve the time-dependent plasma Boltzmann equation, Eq. (1), the left hand side that describes the One is a semi-Lagrangian scheme employing dimensional splitting, 21 which divides the Vlasov equation into two advection equations: @ t f þ v@ x f ¼ 0 and @ t f þ a@ v f ¼ 0, where v is the velocity, a is the acceleration, and @ t ; @ x , and @ v are the time, space, and velocity derivatives, respectively. The spatial derivatives are evaluated with a finite-differencing scheme using high-order interpolations such as cubic-spline interpolation. 26 The other type of solver is an Eulerian grid method, 27 which does not use any dimensional splitting, so that multi-dimensional schemes developed in the CFD community can be used. In contrast to semi-Lagrangian schemes, an Eulerian Vlasov solver is a finite-volume type scheme, which inherently satisfies conservation. The downside is that a smaller time step is necessary due to stability, which results in an increase of computational cost. 28 In our model, the corner transport upwind (CTU) scheme 27 is used. This scheme uses flux functions that are second order accurate in physical and velocity spaces. 29 A requirement with deterministic Vlasov solvers is that the distribution function must remain positive f ðx;ṽ; tÞ ! 0:
One difficulty of multidimensional calculations is that unphysical numerical oscillations are usually generated. For unsteady simulations, especially in a partially magnetized plasma that contains several frequencies of physical oscillations, 30 any numerical fluctuations make the simulation inaccurate. Furthermore, unphysical negative number densities may be computed and the simulation becomes unstable.
In order to satisfy the physical boundedness, a bounded upwind scheme that imposes a global physical constraint (Eq. (5)) on the VDFs is developed. It is based on the methodology proposed by Herrmann et al. that prevents unphysical solutions for the mixture fraction in Large Eddy Simulation. 31 The algorithm is described in Table II . For any linear advection equation, numerical oscillations will be produced using a scheme that is higher than first order according to Godunov's theorem. The use of a limiter allows us to suppress oscillations. However, for multidimensional simulations, numerical oscillations are still difficult to be suppressed. A first-order upwind scheme, which is a monotonicity preserving scheme, is used for the cells in which any unphysical value (i.e., negative VDFs) is produced by the higher order scheme. For the other cells where physical boundedness is satisfied (Eq. (5)), the value obtained using the higher order scheme is updated without any modification.
In addition, the stability condition is the most restrictive criterion for solving the Vlasov equation or the left hand side of the plasma Boltzmann equation. It is determined by the Courant-Friedrichs-Lewy (CFL) number. The second-order corner transport upwind scheme is an improved scheme to achieve the following stability condition:
C. Boundary conditions and discretization
At the channel exit, an outflow boundary condition is used for the DK simulation. Background neutral atoms are neglected and no neutral atoms enter the channel from the exhaust. Assuming a diameter of 0.5 mm for the anode orifice and a neutral number density of 10 19 m À3 , the Knudsen number is larger than 100. Thus, the inlet neutral flow can be assumed to be in a free molecular region and a halfMaxwellian VDF biased with axial velocity is applied at the anode inlet. The mean velocity of this VDF is calculated as
where k B is the Boltzmann constant and T n is the neutral temperature. This agrees with the observation by Reid that the mean inlet velocity of neutral atoms entering a Hall thruster channel has a square root dependence on the anode temperature. 32 Subsequently, the inlet density of neutral atoms is calculated by the mass flow rate and the inlet velocity.
Since the anode sheath is not included in the present model, the ions require a boundary condition at the anode that represents the actual plasma flow. Dorf et al. visually observed a plasma jet structure from the anode holes in the presence of anode coating. 33 Keidar also indicated that the gas ionization inside the anode holes plays an important role, and a plasma jet is generated. 34 A half-Maxwellian VDF biased with axial velocity is also applied for ions. It is assumed that the number density of ions is 10 15 m À3 . In order to capture the unsteady phenomena of Hall thrusters, where strong plasma oscillations may occur, velocity space should be chosen properly. If the domain is too small in the velocity space, the mean properties calculated by integrating the moments of VDFs will be underestimated due to truncated VDFs. Considering the mean velocity of ions, which is approximately 200 m/s at the anode and 20 000 m/s at the channel exit, the range for ion velocities must be selected large enough to capture the time-varying VDFs. We choose the maximum and minimum velocity to be 90 000 m/s and À15 000 m/s, respectively. Most importantly, the size of the velocity bins must be chosen carefully in order to discretize the VDFs accurately. While satisfying 
is calculated from first order upwind scheme.
the stability condition, the phase space must be discretized finely enough such that the VDFs are well resolved. For the present case, it is found that Dv 300 m=s is required.
D. Fluid electron model
The cross-field transport of electrons in the axial direction is modeled using a fluid approach based on the approach used by Boeuf and Garrigues. 24 Since the primary purpose of this paper is developing and investigating the DK simulation for heavy species, a simplified electron fluid model is used. Due to the much smaller characteristic time scales of electrons in comparison to ions, the electrons are assumed to be steady state in the time scale of ions. Macroscopic quantities are calculated from the conservation equations.
Assuming single-charge ionization, the conservation equations of mass for ions and electrons are reduced to
where n and u are the number density and mean velocity, respectively, and subscripts i and e denote ions and electrons, respectively. By integrating Eq. (8) over axial position, x, the current conservation equation can be obtained
where e is the elementary charge and I T is the total current density, which is independent of x. The number density and mean velocity of ions are obtained by moments of the VDFs (see Eqs. (2) and (3)) and the number density of electrons equals that of ions due to a quasi-neutral assumption: n e ¼ n i . The steady state momentum equation is reduced to an one-dimensional Ohm's law. In the present model, the pressure term is neglected as well as the inertia term for simplicity. Although the importance of including the pressure term 6 and inertia term 35 has been reported, we apply a simple model that only contains electromagnetic force and collisions. The electron flux, C e , is given by C e ¼ n e u e ¼ Àn e l e E;
where E is the axial electric field and l e is the effective electron mobility across the magnetic field. Using the classical description of electron mobility, the transverse electron mobility in the cross-field direction can be written as
where x B is the electron cyclotron frequency and m is the total electron momentum transfer frequency, which is described as a sum of contributions from electron-neutral collisions and electron-wall collisions. 24 As a result, the unknown variables for the current conservation and Ohm's law are the total current density and electric field. Note that the electron mean velocity can be obtained once the electric field is known from the Ohm's law (see Eq. (10)). By substituting Eq. (10) into Eq. (9), the electric field can be written as
In addition, we use the fundamental relation that potential drop between the anode and cathode is the applied discharge voltage
where V d is the discharge voltage, and x ¼ 0 and x ¼ L are the positions of the anode and cathode, respectively. Using Eq. (13), the total current density can be calculated by integrating Eq. (12)
Once the total current density is known, the electric field can be obtained from Eq. (12) as well as the electron flux from Eq. (9) or (10) . In this simulation, the potential is set to 0 V at the channel exit, and the anode potential is equal to the discharge voltage. Note that the anode sheath and the plume are neglected in this model. Finally, the electron mean energy, , is obtained by the steady state energy equation
where K w is the energy loss to the channel wall and K c is the energy loss due to electron-neutral collisions. It is assumed that the axial thermal flux is negligible. Assuming the electron EDF to be Maxwellian, the electron temperature and the mean electron energy are related as ¼ 3=2k B T e , where T e is the electron temperature. The energy loss to the channel wall is modeled as follows:
where a and U are parameters taken to be equal to 0.2 and 20 eV, respectively. 16, 18, 24, 36 The energy loss due to inelastic collisions, such as ionization and excitation, reads
where n n is the number density of neutral atoms and nðÞ is the energy loss coefficient, which consists of contributions from ionization and excitation. The energy loss coefficients are calculated using the cross sections of Puech and Mizzi. 37 Once the electron flux and electric field are obtained from the conservation equations of current and momentum, Eq. (15) is solved using a fourth-order Runge-Kutta method. For the boundary condition, the electron mean energy at the channel exit is set to 10 eV (the electron temperature is 6.7 eV).
IV. RESULTS
The 1D hybrid-DK simulation is performed, and the results are compared with those obtained from a 1D hybrid-PIC simulation that is originally developed by Boeuf and Garrigues.
24,25 A time step smaller than 1 Â 10 À8 s is required for the CFL condition in physical space for the present hybrid-PIC simulation. However, a time step of 1 Â 10 À9 s is used to match the hybrid-DK simulation that requires stability condition in velocity space as well as physical space. The number of macroparticles used in the hybrid-PIC simulation is approximately 300 000 particles. The total number of macroparticles is fixed instead of keeping it constant in each cell. The number of cells in the physical space is fixed at 100. For the hybrid-PIC simulation, the continuity equation is solved for neutral atoms with constant speed, which is set equal to the mean velocity of the half-Maxwellian assigned at the anode in the DK simulation. The hybrid-PIC simulation is shown as HPIC in this section.
For the hybrid-DK simulation, the phase space is discretized into 100 Â 400 cells in the physical space and velocity space, respectively. The time step used for the xenon atoms and ions is 1 Â 10 À9 s and the discretized phase space is Dx ¼ 4 Â 10 À4 m and Dv ¼ 250 m=s in order to satisfy the stability condition. The time step and phase space discretization are chosen to satisfy the stability condition in Eq. (6) . In order to investigate the effect of neutral atom modeling, a DK simulation and a continuity solver that is used in the hybrid-PIC simulation are employed. The results are described as HDK-Vlas and HDK-Cont, respectively. On a 3.2 GHz processor, the hybrid-DK simulation completes 1 ms in 12 to 20 h. In addition, this is similar to the computational time required for the HPIC case using the same time step.
A. Time averaged results
The time averaged results obtained from the hybrid-DK and hybrid-PIC simulations are compared and discussed. Thruster performance and plasma properties are averaged over several oscillation cycles.
Overall thruster performance
The thruster efficiency, g, thrust, T, and specific impulse, I sp , are calculated from
where v exit is the exhaust velocity at the channel exit and g is the acceleration due to gravity (¼ 9:8 m=s 2 ). As shown in Table III , the results obtained from the hybrid-DK simulations are in good agreement with the hybrid-PIC results. However, the simulation results show higher specific impulse and thrust than the experimental data of Mikellides et al. 38 It can be seen from Eqs. (18) and (19) that the exhaust velocity, or the ion mean velocity at the channel exit, is overestimated. This is because the potential boundary condition of zero is set at the channel exit in the current simulation instead of at the cathode. In the real thruster, the potential drop will extend into the plume, so that the ion mean velocity accelerates in the plume as well as inside the channel. In addition, plume divergence is not included in the current one-dimensional model.
A lower mean discharge current is observed in the simulations in comparison to the experiment. One of the reasons is the absence of multiply charged ions. The numerical investigations by Garrigues et al. show that doubly charged ions contribute to the discharge current. 25 Multiply charged ions may also affect the exhaust velocity, since they accelerate faster than singly charged ions. However, in the current hybrid-DK simulation, only singly charged ions are included. Subsequently, from Eq. (20), the lower mean discharge current and the overestimated exhaust velocity result in a large thrust efficiency.
Thruster performance depends on the modeling of electron mobility and electron energy loss. [15] [16] [17] Despite the use of experimental data as a comparison, the primary purpose of the present investigation is to investigate the capability of the DK simulation in the modeling of heavy species not the agreement of the simulation results with experimental data. Figure 2 shows the macroscopic plasma properties averaged over several oscillation cycles. It can be seen that there are mainly three regions in the channel of a Hall thruster: diffusion, ionization, and acceleration zones. Starting on the left at the anode, there is a relatively flat region in which little ionization occurs. Second, ions are generated and accumulated in the ionization region. The ions accumulate because of the small electric field, so that they are not accelerated out of the channel. Finally, on the right near the channel exit, in the acceleration region, ions are accelerated due to the steep electric field. The potential and electron temperature, seen in Fig. 2(b) , show good quantitative agreement among three simulations. Due to the similar trend of electron temperature, the ion number density as well as neutral number density also shows similar profile as shown in Fig. 2(a) .
Time averaged plasma properties
In order to compare the DK and PIC simulations, we first compare the results obtained from the HDK-Cont and HPIC cases. In both cases, identical models are used for both neutral atoms and electrons. It can be seen that there is a difference in the ion number density in the ionization region, which is mainly due to how the kinetic models treat ionization events. Although both DK and PIC simulations assign the same VDFs for the ions generated via an ionization event based on the neutral atom VDFs, the ion particles are generated randomly in the PIC simulation. In our PIC simulation, the total number of the macroparticles in the system is determined, so that ions are not created when there are too many particles. For instance, the ions are not generated at one out of four time steps. Even though the particle weight is calculated properly from the ionization rate, the ionization rate depends on the number density of the accumulated ions. At the time step that skips the ion generation, the ion number density is slightly underestimated, and so is the ionization rate. On the other hand, the DK simulation handles the collision processes at each time step, which suggests that a deterministic kinetic solver captures ionization events more accurately and the ion number density is calculated more accurately.
Discussions of the time averaged results
The similarities and disparities in the thruster performance in Table III can be explained by the time averaged plasma results as shown in Fig. 2 .
Firstly, as shown in Fig. 2(b) , due to the similarity in the potential profiles that determine the acceleration of ions and the exhaust velocity, the thrust and specific impulse are in good agreement of all three simulations (see Eqs. (18) and (19) ). The disparity between the simulations and experiment is due to the potential boundary condition as mentioned in Sec. IV A 2.
Second, for similar exhaust velocities, it can be seen from Eq. (20) that the thruster efficiency is determined by the mean discharge current, shown in Eq. (14) . The second integration is dependent on the ion mean velocity and the inverse of electron mobility. As mentioned previously, the distribution of plasma potential gives a similar trend for the ion mean velocity, so that the second integration does not vary much. Thus, the first integral mostly determines the total mean current. In the acceleration region, where the electron mobility is small due to the large magnetic field, the magnitude of the first integration is mainly determined by the ion number density near the channel exit. As shown in Fig. 3 , while the electron mobilities are similar, the ion number density for the neutral DK solver (HDK-Vlas) is smaller in comparison to the neutral continuity solver (HDK-Cont). From Eq. (14), due to a lower ion number density in the acceleration region, the mean discharge current is smaller for the HDK-Vlas case than the other two simulations that employ a continuity neutral solver. This suggests the importance of neutral atom modeling although the ion and electron transport mainly determine the plasma behavior as well as the thruster performance. Figure 4 shows the calculated mean velocity from the neutral DK simulation (HDK-Vlas) in comparison to the continuity solver (HDK-Cont). The results obtained from the neutral DK solver exhibit an acceleration of neutral atoms towards the channel exit where as the continuity solver assumes constant velocity. The acceleration of neutral atoms is also observed in the LIF experiments by Huang et al. more likely to be ionized than the faster neutral atoms. In the present models, (a) is not included due to the one-dimensional approximation and (b) is described in Sec. IV D that the effect of CEX is small inside the channel. Therefore, the results presented in this paper reinforce the physical mechanism that selective ionization causes the apparent acceleration of neutral atoms inside the discharge channel. The difference in ion number density between the HDKVlas case and the two simulations that employ the neutral continuity solver can be explained by selective ionization. In the acceleration region, the ions generated via an ionization event have larger bulk velocity due to the acceleration of neutral atoms, so that more ions can escape from the domain and hence the ion number density decreases. The kinetic description of neutral atoms provides an important mechanism of the smaller mean discharge current in the HDK-Vlas results. In addition, it can be seen that the ion number density produced in the diffusion and ionization regions is largest in the HDK-Vlas case from Fig. 2 . As opposed to the acceleration region, there are a larger amount of slow ions with respect to the mean velocity due to the shape of neutral VDFs in the kinetic simulation. Since there are more slow ions, more ions stay in that region and the number density becomes larger than using a neutral continuity solver, which assumes constant velocity.
B. Plasma oscillations
Plasma oscillations are observed in the unsteady calculations. All of the simulations produced ionization oscillations, often referred to as the breathing mode, that are known to be a low frequency mode present in Hall thruster operation. For the high frequency oscillations, the DK simulation captures the unsteady phenomenon fairly well. Figure 5 shows the discharge current oscillations obtained from three different simulations. The mean discharge current matches the values shown in Table III . The overall shape of the discharge current oscillations looks similar, producing plasma oscillations related to ionization. Figure 6 shows the oscillations of the number densities of neutral atoms and ions. The frequency of the breathing mode is 19 kHz in the HDK-Vlas case and 20 kHz in the HDK-Cont and HPIC cases.
Ionization oscillations: >10 kHz
A simple physical model for breathing mode oscillations is proposed by Fife
where f B is the breathing mode frequency, V i and V n are the characteristic velocities of ions and neutral atoms, respectively, and L i is the characteristic length of the ionization region. For V i ¼ 18 000 m=s; V n ¼ 300 m=s, and L i ¼ 0:02 m, the breathing mode frequency from Eq. (21) is f B ¼ 19 kHz. The experiment of Mikellides et al. shows a breathing mode frequency of 17 kHz. 38 The breathing mode frequencies obtained from the simulations are in good agreement with the theory and experiment.
In the present model, the simulation results show that there is another unique mode at the minimum discharge currents. Its mechanism is due to the diffusion region being filled with neutral atoms that are injected from the anode and consequently the ionization front moves towards the channel exit. One period of this cycle is 105 ls from the hybrid-DK results compared to 95 ls from the hybrid-PIC result. This corresponds to the transit time of neutral atoms in the diffusion and ionization regions, which is given by
Using the values above, this gives s n ¼ 70 ls and shows quantitative agreement with the time needed to fill the channel with neutral atoms obtained from the simulations. There are two different peaks in the mean discharge current from the simulations. In the HDK-Vlas case, the larger peak is approximately 7.5 A whereas the smaller peak is about 5.5 A. The difference in the mean discharge current can again be explained by the magnitude of the ion number density, as described in Sec. IV A 2). In the acceleration region, the ion number density is smaller at the second peak than at the first peak, seen in Fig. 6(b) . Although the discharge current is calculated based on the simplified one-dimensional Ohm's law and only by using the plasma parameters obtained from ion transport in the present hybrid simulations, the simulations provide reasonable results.
Transient-time oscillations: >100 kHz
As shown in Figs. 7 and 8 , the high frequency discharge oscillations are well captured in both simulations. Similar to the ionization oscillations, shown in Sec. IV B 1, a high frequency ionization oscillation mode, which is often referred to as the transient-time mode, is also observed in the Hall thruster discharge plasma. 30, 39 Transient-time oscillations have frequencies that correspond to u i =L a , or the ion residence time scale, where L a is the acceleration characteristic length. 30 For U i ¼ 18 000 m=s and L a ¼ 0:01 m, this frequency is 180 kHz. In the example shown in Fig. 7 , the transient-time frequency is 350-400 kHz from the simulations. Tilinin showed that the transient-time oscillations occur in any operation conditions when changing the magnitude of the magnetic field, mass flow rate, and the discharge voltage. Particularly, in the optimum regime where the Hall thruster operates stably, it is shown that the transient-time oscillations are confined to a region near the maximum magnetic field. 39 The numerical results obtained from the hybrid simulations match the experimental observation that the plasma density fluctuations are confined in the acceleration region. The HPIC results show numerical fluctuations in the discharge current due to statistical noise whereas the HDK-Vlas results are smooth even in the small time scale. The maximum peak of the discharge current again corresponds to the time step at which the ion number density is large in the near-exit region. It can be seen that the hybrid-DK simulation resolves the temporal plasma fluctuations better than the hybrid-PIC simulation.
In addition to the temporal resolution, the DK simulation provides a better resolution in physical space. As an example, the PIC simulation shows not only temporal but also spatial non-smoothness. There are two possible explanations regarding the spatial fluctuations. One is the effect of ionization. As described previously, in order to maintain the total number of macroparticles in the PIC simulation, the ions are not generated at every time step. During 100 ns (100 time steps), the generation of ions is skipped in approximately 26 steps. Second, the spatial fluctuation comes from representing particles in a discrete manner. This is due to the statistical noise in the particle simulations and will be discussed in Sec. IV B 1.
Since the transient-time oscillations are considered to play an important role in the turbulent conductivity of the discharge plasma in Hall thrusters, 39 the DK simulation can be very powerful in understanding the small time scale physics in comparison to particle methods. In addition, usually in particle simulations, time averaging techniques are commonly used in order to obtain good statistics. Although no time averaging is used in the current hybrid-PIC simulation and instead an offset for the ion number density is set to 10 15 m À3 , either numerical procedure may alter the plasma physics in the low density regions. These numerical techniques are not required in deterministic kinetic simulations, which are more straightforward and provide accurate results.
C. Statistical noise in VDFs
One of the primary objectives of developing a direct kinetic simulation is to obtain a better resolution for the VDFs of plasma species. In Sec. IV B 2, statistical noise in the ion number density predicted by the PIC simulation is observed even when the total number of macroparticles is set relatively large. VDFs are constructed from the information of discrete particles, namely, the location and velocity of each macroparticle, in the HPIC results. Identical cell sizes are used in the HPIC and HDK-Vlas cases for the discretization of phase space. Figure 9 shows the instantaneous VDFs of ions at the channel exit. The time at which the data are chosen is at a maximum peak of the discharge current. The overall shape and the most probable velocities of the VDFs at the channel exit agree well in both simulations. The most probable velocities are approximately 20 km/s. One notable feature is that the DK simulation provides any values of VDFs whereas the PIC simulation uses discrete particles with a numerical weight, so that there is a minimum limit in the VDFs that can be resolved. In addition, VDFs obtained from the particle simulation are not well resolved in the low density region as can be seen from Fig. 9 where there are several velocity bins that are empty. This is also problematic in the near-anode region where the ionization rate is small and there may be cells that have no macroparticles. For hybrid simulations in which quasineutrality is assumed, a number density of zero crashes the simulation. In order to avoid zero number density, the hybrid-PIC simulation employs an offset for ion number densities of 10 15 m À3 . In addition, the hybrid-PIC results show a steep change in VDFs at high energy. The absence of high energy particles is mainly due to the poor resolution of VDFs when ions are generated in the ionization region, where the VDFs of neutral atoms are sharp. For particle methods, the ions generated from ionization have nearly constant velocity. Assuming initial velocity to be small ($200 m=s), the ion velocity at the channel exit can be calculated from energy conservation
The ion velocity is 21 000 m/s for a discharge voltage of 300 V, and this matches the maximum limit of velocity obtained from the hybrid-PIC simulation.
Although the VDFs obtained from the DK simulation are smooth and contain no statistical noise, the use of the bounded upwind scheme may cause broadening of the VDFs. For instance, the high energy tail of the VDFs is well resolved in the DK simulation but it may be due to the numerical dissipation of the first-order upwind scheme used in the cells where numerical oscillations occur. Since numerical schemes with low order of accuracy are dissipative, the accuracy of the numerical schemes used to solve the plasma Boltzmann equation may be important. Figure 10 shows the EDFs of the ions at the channel exit compared with the measurements of Bareilles et al. 18 The measured IEDF is narrower than the simulation results mainly due to the dynamic effects. Depending on the amplitude of the discharge oscillations, the ion distribution functions shift back and forth. This suggests that the current electron fluid model creates plasma oscillations that are too large in comparison with the experimental data. The effect of charge exchange collisions is small yet can be seen in the IEDF. Since fast neutral atoms are generated due to CEX collisions, the population of the ions generated via ionization has a larger tail in the high velocity region. Additionally, the VDFs of neutral atoms are shown in Fig. 11 . Although the magnitude of the high velocity tail is small compared to the bulk VDF, the fast neutral atoms generated due to CEX collisions are captured well without statistical noise. 113508-10 Hara, Boyd, and Kolobov Phys. Plasmas 19, 113508 (2012) The collision frequency due to CEX collisions is given by CEX ¼ n n ðf if n jgjr CEX dv;
D. Effect of charge exchange collisions
where g is the relative velocity,f is the normalized VDFs, and r CEX is the cross section due to CEX collisions. Here, the CEX cross section employs the expression proposed by Pullins et al. 40 In the diffusion and ionization regions, the relative velocity of neutral atoms and ions is small so that the CEX frequency is negligible. CEX collisions become important in the acceleration region where the ions have larger velocity than neutral atoms. If the VDFs of ions and neutral atoms are assumed to be a delta function at 20 km/s and 0 m/s, respectively, at the channel exit, the CEX frequency is CEX % 1 Â 10 4 Hz. CEX collisions are known to be important in the plume where the ionization rate is small. An accurate prediction of the slow ions due to CEX collisions is required for spacecraft integration in the actual missions and well-resolved VDFs of ions can be used for plume simulations. [41] [42] [43] [44] 
V. CONCLUSION
A direct kinetic simulation method has been developed using a bounded upwind scheme in order to preserve positivity of velocity distribution functions. Its application to a Hall thruster has been assessed. A one-dimensional hybrid-DK simulation is compared to a hybrid-PIC simulation using an identical electron fluid model.
Time averaged and time resolved plasma parameters are compared in order to investigate the usefulness of the DK simulation. The macroscopic results from the hybrid-DK simulation show good agreement with the hybrid-PIC results. The low-frequency breathing mode is observed and its frequency agrees well with theories and experiments. However, due to the primary purpose of the present investigation, the agreement of the simulation results with experimental data, which depends on the model of electron mobility and electron energy loss, is not discussed in this paper.
High frequency oscillations show similar trends in the DK and PIC simulations yet the DK simulation exhibits the ability of achieving temporally and spatially resolved plasma parameters. By comparison, the hybrid-PIC simulation suffers from inherent statistical noise. In the hybrid-DK simulation, two mechanisms are greatly improved. One is the treatment of ionization events. The PIC simulation is unable to generate ion particles at every time step due to the fixed total number of particles in the system whereas the DK simulation handles the ionization events deterministically at each time step. The other is the resolution of VDFs, which results in an improved resolution of macroscopic plasma parameters temporally and spatially. For instance, the high energy tail of ions due to charge exchange collisions is obtained smoothly. The new kinetic approach provides an alternative to particle simulations that contain statistical noise even when the number of macroparticles is large. Therefore, a multi-dimensional fully kinetic simulation that uses a direct kinetic simulation method for both heavy species and electrons is needed for accurate analysis of plasma properties and thruster performance.
